
SUMMARY OF PROFESSIONAL ACCOMPLISHMENTS:

PIOTR SZEWCZAK

1. Diplomas and degrees

PhD. Mathematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2015
Cardinal Stefan Wyszyński University, Poland

Thesis: Generalized ordered spaces and paracompactness in Cartesian products
Supervisor: dr hab. Kazimierz Alster

Msc. Mathematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2008
Cardinal Stefan Wyszyński University, Poland

Thesis: On the class of spaces whose Cartesian product with every paracompact space is paracompact
Supervisor: dr hab. Kazimierz Alster

2. Information on employment in research institutes or faculties/departments

Assistant Professor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10.2016 – present
Cardinal Stefan Wyszyński University, Poland

Post-Doctoral Position . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 02.2016 – 01.2017
Bar-Ilan University, Israel

Teaching Assistant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10.2008 – 09.2016
Cardinal Stefan Wyszyński University, Poland

3. Description of the achievements: Combinatorial covering properties

3.0. Cycle of scientific articles related thematically.

(1) P. Szewczak, Abstract colorings, games and ultrafilters, Topology and its Applications 335 (2023) 108595,
doi: 10.1016/j.topol.2023.108595, arXiv: 2107.02830.

(2) P. Szewczak, T. Weiss, Null sets and combinatorial covering properties, Journal of Symbolic Logic, 87
(2022), 1231 – 1242, doi:10.1017/jsl.2021.51, arXiv: 2006.10796.

(3) P. Szewczak, B. Tsaban, L. Zdomskyy, Finite powers and products of Menger sets, Fundamenta Mathe-
maticae 253 (2021), 257 – 275, doi: 10.4064/fm896-4-2020, arXiv: 1903.03170.

(4) P. Szewczak, M. Włudecka, Unbounded towers and products, Annals of Pure and Applied Logic 172
(2021), 102900, doi: 10.1016/j.apal.2020.102900, arXiv: 1912.02528.

(5) P. Szewczak, G. Wiśniewski, Products of Luzin-type sets with combinatorial properties, Topology and its
Applications 264 (2019), 420–433, doi: 10.1016/j.topol. 2019.05.015, arXiv: 1903.05208.

(6) P. Szewczak, B. Tsaban, Products of general Menger spaces, Topology and its Applications 255 (2019),
41–55, doi: 10.1016/j.topol.2019.01.005, arXiv: 1607.01687.

(7) P. Szewczak, B. Tsaban, Products of Menger spaces: a combinatorial approach, Annals of Pure and
Applied Logic 168 (2017), 1–18, doi: 10.1016/j.apal.2016.08.002, arXiv:1603.03361.

1



2 PIOTR SZEWCZAK

3.1. Introduction. In 1924, Menger [32] observed that any metric space X which is σ-compact (i.e., it is a
countable union of its compact subsets) has such a property that for any basis B of X, there are sets B1, B2,
. . . ∈ B, such that limn→∞ diam(Bn) = 0 and X =

⋃
n∈NBn. Menger conjectured [32] that the above property

characterizes σ-compactness in the class of metric spaces. Hurewicz [26] reformulated the Menger property
without using a metric: for any sequence U1,U2, . . . of open covers of a given topological space, there are finite
sets F1 ⊆ U1,F2 ⊆ U2, . . . such that the family

⋃
n∈N Fn is an open cover of the space. In that way, the definition

of the Menger property was extended on all topological spaces. Sierpiński [26] showed that a Luzin set, i.e., an
uncountable subspace of the real line with the standard topology whose intersection with any meager set (Baire
first category) is at most countable, is a counterexample to the Menger conjecture. The existence of a Luzin
set is independent from ZFC and it can be constructed, e.g., assuming that the Continuum Hypothesis holds.
In 2006, Bartoszyński and Tsaban [9], using some ideas from the work of Fremlin and Miller [21], presented a
uniform construction in ZFC of a subspace of the real line which is Menger but no σ-compact.

X X X X

. . .

F1 ⊆ U1 F2 ⊆ U2 F3 ⊆ U3

X

. . .

X

. . .

The Menger property scheme

This is a brief description of the Menger property, one of the classic properties in the considered topic.
Combinatorial covering properties are uniform procedures for generating a cover of a topological space from a
sequence of covers [48]. They capture various properties defined in different mathematical fields like dimension
theory, measure theory, and function spaces. This discipline connects topology, set theory, and functional analysis,
and often makes it possible to transport methods between these fields. It is now one of the most active streams
of research within the set-theoretic topology.

By space we mean an infinite Tikhonov topological space. A cover of a space is a family of sets whose union
is the entire space. Let U be a cover of a space X. The cover U is a γ-cover if it is infinite and for any point
x ∈ X the set {U ∈ U : x /∈ U } is finite. The cover U is an ω-cover if X /∈ U and for any finite set F ⊆ X
there is a set U ∈ U with F ⊆ U . For a space, let O, Γ, Ω be families of all open covers, open γ-covers and open
ω-covers of that space. For families A,B ∈ {O,Γ,Ω} we define the following properties1 a space might possess.

S1(A,B): for each sequence U1,U2, . . . ∈ A, there are U1 ∈ U1, U2 ∈ U2, . . ., such that {Un : n ∈ N } ∈ B,

Sfin(A,B): for each sequence U1,U2, . . . ∈ A, there are finite F1 ⊆ U1,F2 ⊆ U2, . . ., such that
⋃
n∈N Fn ∈ B,

Ufin(A,B): for each sequence U1,U2, . . . ∈ A, there are finite F1 ⊆ U1,F2 ⊆ U2, . . ., such that {
⋃
Fn : n ∈ N } ∈

B.

According to the above notation a space is Menger if it satisfies Sfin(O,O). The considered properties in the
above form were suggested by Scheepers who presented the relations among them in the form of a diagram,
nowadays named after him [48]. The extreme properties in the diagram are classic and were introduced by Menger
(Sfin(O,O)) [32, 26], Hurewicz (Ufin(O,Γ)) [26, 27], Rothberger (S1(O,O)) [43], Gerlits and Nagy (S1(Ω,Γ) (also
known as the property γ) [23]. Some additional properties were studied by Arhangel’skĭı (Sfin(Ω,Ω)) [1], Sakai
(S1(Ω,Ω)) [44], Bukovský (S1(Γ,Γ)) [14] and others, by relating them to previously well-studied local properties
of topological function spaces.

1The properties Sfin(A,B) and S1(A,B) are defined also for arbitrary families A and B.
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Hurewicz Menger
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the property γ Gerlits–Nagy Rothberger

The Scheepers diagram. Trivial properties or those which are equivalent in ZFC are not included.

The properties, considered here, are called combinatorial, since they have close connections with combinatorial
structure of the Baire space NN [41] (we treat N as a discrete space and consider in NN the Tikhonov product
topology). E.g., a zero-dimensional Lindelöf space is Menger if and only if no continuous image Y of the space into
NN is dominating [27], i.e., there is a function g ∈ NN, such that for any function f ∈ Y the set {n : f(n) < g(n) }
is infinite. For each property P from the diagram we define a critical cardinal number, which is equal to the
minimal cardinality of a subspace of NN which does not have the property P. Since the space NN does not have
the Menger property, which is the weakest among the above properties, the critical cardinal numbers are well
defined for the considered properties and they are written in the diagram. The critical cardinal number for the
Menger property is the dominating number d. It follows that any subspace of NN with the cardinality smaller
than d is Menger no matter what is the structure of this subspace. More details about cardinals of the continuum
used in this presentation may be found in the survey of Blass [12]. The most common examples of spaces with
combinatorial covering properties are sets of reals, i.e., spaces homeomorphic to subspaces of the real line with
the standard topology. Combinatorics plays also a crucial role in constructing spaces with these properties.

Combinatorial covering properties found applications in such areas as forcing [18], function spaces [52], Ramsey
theory in algebra [65], combinatorics of discrete subspaces [2], hyperspaces with the Vietoris topology [30],
products of Lindelöf spaces [3] and products of paracompact spaces [56].

3.2. Products of Menger sets [57, 59]. Todorčević [68, §3] proved in ZFC that there are general topological
spaces with the property γ, whose product is not Menger. It shows that none of the properties from the diagram
is closed under finite products. In the class of sets of reals, the situation is much more subtle, and it deeply
depends on set theory. By set with a topological property P we mean a set of reals (with the property P).
Assuming that the Continuum Hypothesis holds, Miller, Tsaban and Zdomskyy [36] constructed two sets with
the property γ, whose product is not Menger. In contrast to this result, in the Laver model all sets of reals with
properties from the lowest row, in the diagram, are countable [31]. Then, trivially, those properties are closed
under finite products in the class of sets of reals

The problem, whether in ZFC there are Menger sets whose product is not Menger was suggested by Scheepers
(Open problems in Topology [69, Problem 6.7]). Just, Miller, Scheepers and Szeptycki proved that if the Contin-
uum Hypothesis holds, then such sets exist [28, Theorem 3.7]. Then Scheepers and Tsaban showed, using similar
methods, that to this end the equality cov(M) = cof(M) is sufficient [53, Theorem 49]. A cov(M)-Luzin set
is a space homeomorphic with a subspace X of the real line, such that |X| ≥ cov(M) and |X ∩M | < cov(M)
for all meager subsets M of the real line. The above examples are cov(M)-Luzin sets (they are even hereditary
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Rothberger; the existence of these sets is independent from ZFC). Another construction of Menger sets whose
product is not Menger was provided by Repovš and Zdomskyy [42, Proposition 3.4] under b = d (a detailed
description of these sets will be presented later). During investigations, Zdomskyy [73] proved that in the Miller
model the product of any two Menger sets is Menger. This results shows that in order to construct Menger sets
with a non-Menger product, additional set-theoretic assumptions are necessarily.

We identify the Cantor cube {0, 1}N with the family P(N) of all subsets of the set of natural numbers N. Since
the Cantor cube is homeomorphic with the Cantor set, each subspace of P(N) can be viewed as a set of reals.
Let [N]∞ be the family of all infinite subsets of N and Fin be the family of all finite subsets of N. We identify
each set a ∈ [N]∞ with its increasing enumeration, an element of the Baire space NN. Then we have the following
inclusion of sets [N]∞ ⊆ NN. Moreover, the topology of the space [N]∞ coincides with the subspace topology
induced by NN. Depending on the interpretation, points of the space [N]∞ are referred to as sets or functions.
Let κ be an infinite cardinal number. For functions a, b ∈ [N]∞ we write a ≤∗ b, if the set {n : b(n) < a(n) } is
finite. A set X ⊆ [N]∞ is κ-unbounded, if |X| ≥ κ and for any function b ∈ [N]∞, we have |{x ∈ X : x ≤∗ b }| < κ.
A space X is d-concentrated, if |X| ≥ d and there is a countable set D ⊆ X, such that |X \ U | < d for any open
set U in X containing D. There is in ZFC a d-unbounded set X and then the set X ∪ Fin is d-concentrated. A
counterexample in ZFC for the Menger conjecture given by Bartoszyński and Tsaban [9], has such a structure.
Also note that any d-concentrated set is Menger [70, Corollary 1.14] but no σ-compact. The mentioned above
examples of Menger sets, in the context of products, are d-concentrated.

We introduce a purely combinatorial approach to products of Menger sets. We obtain examples using hypothe-
ses milder than earlier ones, as well as examples using hypotheses that are incompatible with the Continuum
Hypothesis. The proof method is new. If X ⊆ P(N), then we treat X as a space with the subspace topology of
P(N).

Theorem 3.1 ([57, Theorem 2.7]). Let κ ∈ {cf(d), d} and X ⊆ [N]∞ be a set containing a κ-unbounded set.
Then there is a d-concentrated set Y ⊆ [N]∞ (in particular it is Menger), such that the product X × Y is not
Menger.

Now we discuss some set-theoretic assumptions which provide the existence of a Menger set satisfying the
assumptions from Theorem 3.1. Let d be a singular number and X ⊆ [N]∞ be a cf(d)-unbounded set with
cardinality cf(d) (such a set exists in ZFC [57, discussion before Lemma 2.6]). Then X is a trivial Menger set,
i.e., its cardinality is smaller than the cardinal number d, the critical cardinal number for the Menger property.
It is the first example in the literature of a trivial Menger set whose product with a Menger set is not Menger.
Another assumption is the inequality d ≤ r, which can be used to construct a Menger set in [N]∞, which is
d-unbounded [57, Theorem 3.3, Theorem 3.2]. Also note that if d is singular, then the inequality d ≤ r holds [57,
discussion in the proof of (2)⇒(1) in Theorem 3.3]. The inequality d ≤ r follows from each of the following
assumptions: cov(M) = cof(M) (used by Scheepers and Tsaban) or b = d (used by Repovš and Zdomskyy).

Theorem 3.1 and its consequences lead to the question, whether the inequality d ≤ r is necessarily for the
existence of two Menger sets whose product is not Menger. We extend methods used in the proof of Theorem 3.1
in another work [59, Theorem 2.12], in order to prove the following result, which provides the negative answer to
this question. Let add(Sfin(O,O)) be the minimal cardinality of a family of Menger subsets of P(N) whose union
is not Menger.

Theorem 3.2 ([59, Theorem 2.12]). Let X ⊆ [N]∞ be a set containing an add(Sfin(O,O))-unbounded set. Then
there is a Menger set Y ⊆ [N]∞, such that the product X × Y is not Menger.

There is in ZFC an add(Sfin(O,O))-unbounded set in [N]∞ of cardinality add(Sfin(O,O)) [59, Lemma 2.15]. It
follows that if add(Sfin(O,O)) < d, then the set X from Theorem 3.1 can be a trivial Menger set. The inequality
add(Sfin(O,O)) < d holds, e.g., in the Blass–Shelah model ([59, Theorem 2.12], [13]) or if d is singular [64,
Corollary 2.3(3)]. Also note that in the Blass–Shelah model, the inequality d > r holds.

Main achievements

• If d ≤ r or add(Sfin(O,O)) < d, then there are Menger sets X and Y , whose product X × Y is not
Menger.
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3.3. Products of Menger sets with strong properties [59, 61]. Under some additional assumptions, the
sets X and Y from the end of the previous subsection can have stronger properties as having all finite powers
Menger or being hereditary Menger. Before presenting further results, we need the following notions.

An ultrafilter on N is a maximal with respect to inclusion a nonempty set U ⊆ P(N), such that for every
a, b ∈ U we have a ∩ b ∈ U and for every a ∈ U and b ∈ P(N), if a ⊆ b, then b ∈ U . Let U ⊆ [N]∞ be an
ultrafilter. For functions a, b ∈ [N]∞, we write a ≤U b, if {n : a(n) ≤ b(n) } ∈ U . A set A ⊆ [N]∞ is ≤U -bounded,
if there is a function b ∈ [N]∞, such that a ≤U b for all functions a ∈ A. Let b(U) be the minimal cardinality of a
subset of [N]∞, which is not ≤U -bounded. We have the following inequalities b ≤ b(U) ≤ cf(d). A set X ⊆ [N]∞

is a U -scale, if |X| ≥ b(U) and for each function b ∈ [N]∞ we have |{x ∈ X : x ≤U b }| < b(U). In ZFC there is
a U -scale X [71, Lemma 2.9] and then all finite powers of the set X ∪ Fin are Menger [71, Theorem 4.5].

Repovš and Zdomskyy [42, Theorem 3.3], proved under b = d that there are a U -scale X and a V -scale Y for
some ultrafilters U, V ⊆ [N]∞, such that the product (X ∪Fin)× (Y ∪Fin) is not Menger (in particular, all finite
powers of the sets X ∪ Fin and Y ∪ Fin are Menger). It has been shown that the same assertion holds under a
weaker assumption but the proof is much more complex.

Theorem 3.3 ([59, Theorem 2.5(3)]). Assume that d ≤ r and d is singular. Then there are a U -scale X and a
V -scale Y for some ultrafilters U, V ⊆ [N]∞, such that the product (X ∪ Fin)× (Y ∪ Fin) is not Menger.

Theorem 3.3 has found applications in products of function spaces. Let Y be a space and for each element
y ∈ Y define Ωy := {A ⊆ Y : y ∈ A }. The space Y has countable fan tightness [1], if for each y ∈ Y , the space
Y satisfies Sfin(Ωy,Ωy), i.e., for every element y ∈ Y and sets A1, A2, . . . ⊆ Y with y ∈

⋂
n∈NAn, there are finite

sets F1 ⊆ A1, F2 ⊆ A2, . . . , such that y ∈
⋃
n∈N Fn. This property generalizes the first axiom of countability.

For a space X, let Cp(X) be a space of all continuous real-valued functions on X with the pointwise convergence
topology. If X is a separable metric space, then the space Cp(X) has countable fan tightness if and only if X
satisfies Sfin(Ω,Ω) [52, Theorem 35] (equivalently, all finite powers of X are Menger [28, Theorem 3.9]). Then if
X and Y are sets from Theorem 3.3, then the spaces Cp(X ∪Fin) and Cp(Y ∪Fin) have countable fan tightness
but the product Cp(X ∪ Fin)× Cp(Y ∪ Fin) does not have this property [59, Proposition 3.1(1)].

Assuming cov(M) = c, many authors independently proved that there are two cov(M)-Luzin sets, whose all
finite powers are Rothberger and whose product is not Menger ([64, Proposition 3.1], [28, page 205], [51, Theo-
rem 13], [29, Chapter 3], [8, Theorem 4]). Category theoretic methods used there, have substantial limitations,
which prevent weakening assumptions. A natural question arises, whether the existence of such cov(M)-Luzin
sets can be proven under cov(M) = cof(M) (which enables for a construction of a cov(M)-Luzin set). It
turns out that the answer is positive but with the additional assumption that the cardinal number cov(M) is
regular. In particular, the following result shows that there are such sets in the Sacks model [47, 10], where
cov(M) = cof(M) = ℵ1 < c. In this model a category theoretic approach fails.

Theorem 3.4 ([61, Theorem 2.1]). Assume that cov(M) = cof(M) and the cardinal number cov(M) is regular.
Then there are a U -scale X and a V -scale Y for some ultrafilters U, V ⊆ [N]∞, such that X ∪ Fin and Y ∪ Fin
are cov(M)-Luzin sets and the product (X ∪ Fin)× (Y ∪ Fin) is not Menger

For ultrafilter U and V from Theorem 3.4, we have b(U) = b(V ) = cov(M), and thus all finite powers of the
sets X ∪ Fin and Y ∪ Fin from Theorem 3.4 are Rothberger [59, Lemma 2.21]. This fact and Theorem 3.4 have
found applications in products of function spaces [61, Corollary 4.1].

Main achievements

• If d ≤ r and the cardinal number d is regular, then there are two sets whose all finite powers are Menger
and whose product is not Menger.

• If cov(M) = cof(M) and the cardinal number cov(M) is regular, then there are two cov(M)-Luzin
sets, whose all finite powers are Rothberger and whose product is not Menger.

3.4. The Menger property parameterized by semifilters [57]. A semifilter [4] is a set S ⊆ [N]∞, such that
for every sets s ∈ S and b ∈ [N]∞, if the set b \ s is finite, then b ∈ S. Important examples of semifilters include
the maximal semifilter [N]∞, the minimal semifilter cF of all cofinite sets, and every ultrafilter U ⊆ [N]∞ on N.
Let S be a semifilter. For functions a, b ∈ [N]∞, we write a ≤S b, if {n : a(n) ≤ b(n) } ∈ S. A set A ⊆ [N]∞ is
≤S-bounded, if there is a function b ∈ [N]∞, such that a ≤S b for all functions a ∈ A. According to this notation,
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the relation ≤∗ on [N]∞ is the same as ≤cF. Let b(S) be the minimal cardinality of a subset of [N]∞, which is
not ≤S-bounded. We have b(cF) = b and b([N]∞) = d.

Let S be a semifilter. A space X is S-Menger, if for every sequence U1,U2, . . . of open covers of X, there are
finite sets F1 ⊆ U1, F2 ⊆ U2, . . . , such that the sets {n : x ∈

⋃
Fn } ∈ S for all x ∈ X. In that terminology

[N]∞-Menger is Menger and cF-Menger is Hurewicz. We have the following implications:

Hurewicz −→ S-Menger −→ Menger.

The S-Menger property has the following combinatorial characterization. For a spaceX, a function Ψ: X → [N]∞

is upper continuous, if the sets {x ∈ X : Ψ(x)(n) ≤ m } are open for all natural numbers n and m. In the class
of Lindelöf spaces, a space X is S-Menger if and only if every upper continuous image of X into [N]∞ is ≤S-
bounded. [35, Theorem 7.3]. If we restrict our consideration to Lindelöf zero-dimensional spaces, then upper
continuous can be replaced by continuous. In general, however, this is not the case. The properties considered
here are hereditary for closed subsets. The planar set

X := ((R \Q)× [0, 1]) ∪ (R× {1}) ⊆ R2.

is not Menger, since the set (R\Q)×{0} (homeomorphic with [N]∞) is a closed subset of X and it is not Menger.
Since the set X is connected, every continuous image of X into [N]∞ is a singleton.

The forthcoming Lemma 3.5 is a main tool in proving many results about products of sets with the Menger
property parameterized by semifilters, in the class of hereditary Lindelöf spaces [57, Sections 5 and 6] and in the
class of all spaces [58]. Lemma 3.5 is a generalization of an earlier result of Miller, Tsaban and Zdomskyy [35,
Lemma 6.3] to general topological spaces. The earlier proof [35, Lemma 6.3] does not apply in this general
setting, and thus an alternative proof has been provided.

Lemat 3.5 ([57, Lemma 5.1]). Let X ⊆ [N]∞, Y be a space and Ψ: (X∪Fin)×Y → [N]∞ be un upper continuous
function. Then there is an upper continuous function Φ: Y → [N]∞, such that for every points x ∈ X and y ∈ Y
and a natural number n:

if Φ(y)(n) ≤ x(n), then Ψ(x, y)(n) ≤ Φ(y)(n).

For the sake of clarity of the presented results, we restrict our consideration to show some applications of
Lemma 3.5 for the U -Menger property, where U ⊆ [N]∞ is an ultrafilter, in the class of hereditary Lindelöf
spaces. Tsaban and Zdomskyy showed, that for some special U -scales X, where U ⊆ [N]∞ is an ultrafilter, all
finite powers of the set X ∪ Fin are U -Menger [71, Theorem 4.5]. This result follows from the following, much
more general Theorem 3.6.

Theorem 3.6 ([57, Theorem 5.3(2)]). Let U ⊆ [N]∞ be an ultrafilter and X be a U -scale. In the class of
hereditary Lindelöf space, the set X ∪ Fin is productively U -Menger.

If u < g, then for each ultrafilter U ⊆ [N]∞, the properties U -Menger and Menger are equivalent in the class
of sets of reals [66, dowód Theorem 3.7]. In contrast to this fact, we have the following result.

Theorem 3.7 ([57, Theorem 6.9]). Assume that b = d and U is an ultrafilter. In the class of hereditary Lindelöf
spaces, there is a productively U -Menger set, which is not Hurewicza and not productively Menger. Moreover the
U -Menger property is strictly between Hurewicz and Menger.

Main achievements

• Lemma about products and upper continuous functions.
• For every ultrafilter U ⊆ [N]∞ and U -scale X, the set X ∪Fin is productively U -Menger, in the class of

hereditary Lindelöf spaces.
• If b = d, then for every ultrafilter U ⊆ [N]∞, the U -Menger property is strictly between Hurewicz and

Menger, in the realm of sets of reals.

3.5. Separation of the Menger and Scheepers properties [59]. In the combinatorial covering properties
theory one of the major problems is to settle some additional relations between properties in the diagram in
the class of sets of reals, using some set-theoretic assumptions. E.g., under u < g, the properties Menger and
Scheepers Ufin(O,Ω) are equivalent for sets of reals [66]. On the other hand, assuming cov(M) = cof(M), there
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is a cov(M)-Luzin set (in particular it is Menger), which is not Scheepers [53, Theorem 32]. Combinatorial
methods used in proofs of the already presented results has been used also here.

Main achievements

• If d ≤ r, then there is a Menger set which is not Scheepers.

3.6. Productivity [57, 58]. Let P be a topological property. A space X is productively P in a given class of
spaces, if for every space Y form the class with the property P, the product X × Y has the property P. A space
is productively P, if it is productively P in the class of all spaces.

Miller, Tsaban and Zdomskyy proved, assuming d = ℵ1, that in the class of hereditary Lindelöf spaces each
productively Lindelöf set is productively Menger and productively Hurewicz [35, Theorem 8.2]. The below result
establishes a relation between productively Menger and productively Hurewicz sets, in the class of hereditary
Lindelöf spaces under b = d. The proof of this result applies Theorem 3.1.

Theorem 3.8 ([57, Theorem 4.8(2)]). Assume that b = d. In the class of hereditary Lindelöf spaces, each
productively Menger set is productively Hurewicz.

The investigations were also related to productivity of properties in the class of all spaces. Under d = ℵ1,
Aurichi and Tall [3], improved earlier results by proving that each productively Lindelöf space is Hurewicz. The
below Theorem 3.9 generalizes the result of Aurichi and Tall.

Theorem 3.9 ([58, Theorem 3.14]). Assume that d = ℵ1. Then each productively Lindelöf space is productively
Menger and each productively Menger space is productively Hurewicz.

In the light of Theorem 3.9, a natural question arises, whether the classes of productively Lindelöf, productively
Menger and productively Hurewicz spaces are different, under d = ℵ1. Let X = {xα : α < d } ⊆ [N]∞ be a
dominating scale in [N]∞, i.e., for any function x ∈ [N]∞, there is an ordinal number α < d, such that x ≤∗ xα
and xα ≤∗ xβ for all ordinal numbers α < β < d (such a set exists, if b = d [70, Lemma 1.4]). Miller, Tsaban and
Zdomskyy proved that, in the class of hereditary Lindelöf spaces, the set X ∪ Fin is productively Hurewicz and
productively Menger [35, Theorem 6.5(1), Theorem 6.2]. A projection method, used in one of these results [35,
Theorem 6.2] was applied together with so called Dedekind’s compactifications of some spaces, in order to prove
the following result. It is a new approach in the considered topic.

Theorem 3.10 ([58, Lemma 3.4, Corollary 3.6]). Let X be a dominating scale in [N]∞ of cardinality ℵ1 and let
(X ∪ Fin)M be a set X ∪ Fin with the following topology: the points from X are isolated and open neighborhoods
of points from Fin are the same as in the natural topology induced by P(N). Then the space (X ∪ Fin)M is
productively Menger but not productively Lindelöf.

Also note that it is consistent with d = ℵ1 that there is a productively Menger space which is not productively
Hurewicz [58, Proposition 3.15(2)].

Main achievements

• If b = d, then in the class of hereditary Lindelöf spaces, each productively Menger space is productively
Hurewicz.

• Assume that d = ℵ1. Then each productively Lindelöf space is productively Menger and each produc-
tively Menger space is productively Hurewicz. None of these implications is reversible.

3.7. Unbounded towers [62]. We already noticed that, if X is a d-unbounded set, then the set X ∪ Fin is
Menger. Bartoszyński and Shelah [7] showed that if X = {xα : α < b } ⊆ [N]∞ is a set which is not ≤∗-
bounded and xα ≤∗ xβ for all ordinal numbers α < β < b, then the set X ∪ Fin is Hurewicz. It is the first
uniform construction in ZFC of a Hurewicz set which is not σ-compact, a counterexample for the Hurewicz
conjecture [26] that in the class of metric spaces the properties σ-compactness and Hurewicz are equivalent. The
sets from the beginning of this paragraph are examples of nontrivial Menger and Hurewicz sets, respectively. It
is not always the case that a construction of such nontrivial sets, for a given property, is possible. In the Laver
model, each set with the property S1(Γ,Γ) has cardinality smaller than b [34, Corollary 4.4], and thus each such
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a set is trivial with respect to the property S1(Γ,Γ). In that model, a similar situation holds for the property γ,
which characterizes countable sets of reals [31].

Sometimes a combinatorial structure of sets with a given property P from the diagram does not provide that
their product has also the property P. Results from Subsection 3.2 show that, under some assumptions, there
are d-unbounded sets X and Y , such that the product (X ∪ Fin) × (Y ∪ Fin) is not Menger. On the other
hand the set X ∪ Fin, from the result of Bartoszyński and Shelah, is even productively Hurewicz, in the class of
hereditary Lindelöf spaces [57, Theorem 5.4]. In the remaining part of this subsection, we present results related
to products of nontrivial sets with the properties S1(Γ,Γ) or γ, having some specific combinatorial structure.

Let κ be an infinite cardinal number. A set {xα : α < κ } ⊆ [N]∞ is a κ-unbounded tower [34], if it is not
≤∗-bounded and the sets xα \ xβ are finite for all ordinal numbers β < α < κ. Let X be a b-unbounded tower
(such a set exists, e.g., assuming p = b or b < d [34, Lemma 2.2]). Then the set X ∪ Fin has the property
S1(Γ,Γ) [34, Proposition 2.5]. Let add(S1(Γ,Γ)) be the minimal cardinality of a family of subsets of P(N) with
the property S1(Γ,Γ), whose union is not S1(Γ,Γ). Miller and Tsaban proved, assuming add(S1(Γ,Γ)) = b, that
all finite powers of the set X∪Fin satisfy S1(Γ,Γ) [34, Theorem 2.8]. Let ΓBor be a family of all countable γ-covers
consisting of Borel sets of a given space. Miller, Tsaban and Zdomskyy proved that if X is a b-unbounded tower
and Y is a set with the property S1(ΓBor,ΓBor), then the product (X ∪ Fin) × Y is S1(Γ,Γ) [36, Theorem 7.1].
An example of a set with the property S1(ΓBor,ΓBor) is a Sierpiński set ([28, Theorem 2.9], [70, Theorem 2.4]),
i.e., an uncountable subset of the real line whose intersection with any Lebesgue measure zero set is at most
countable. All the above results have been generalized.

Theorem 3.11 ([62, Theorem 3.1]). Let n be a natural number, X1, . . . , Xn be b-unbounded towers and Y be a
set with the property S1(ΓBor,ΓBor). Then the product

(X1 ∪ Fin)× · · · × (Xn ∪ Fin)× Y
has the property S1(Γ,Γ).

The properties S1(Γ,Γ) and S1(ΓBor,ΓBor) are closely related to local properties of functions spaces. Let X
be a space. A sequence f1, f2, . . . ∈ Cp(X) converges quasinormally to the constant zero function 0, if there is a
sequence of positive real numbers ε1, ε2, . . . converging to zero such that for any point x ∈ X, we have |fn(x)| < εn
for all but finitely many natural numbers n. A space X is a QN-space (wQN-space) if every sequence f1, f2,
. . . ∈ Cp(X) converging pointwise to 0, converges (has a subsequence converging) quasinormally to 0. By a
breakthrough result of Tsaban and Zdomskyy [67, Theorem 2], a subset of P(N) is a QN-space if and only if it
satisfies S1(ΓBor,ΓBor) [67, Corollary 20]. Every perfectly normal space satisfying S1(Γ,Γ), is a wQN-space [16,
Theorem 7]. QN-spaces, wQN-spaces and their variations were extensively studied by Bukovský, Haleš, Recław,
Sakai and Scheepers [15, 16, 17, 24, 45, 46, 50].

By the result of Tsaban and Orensthein, ifX is a p-unbounded tower (which existence is equivalent to p = b [39,
Lemma 3.3]), then the set X ∪ Fin has the property γ ([39, Theorem 3.6], [40, Theorem 6]). Miller, Tsaban and
Zdomskyy proved that, if X is an ℵ1-unbounded tower, then the set X ∪Fin is productively γ in the class of sets
of reals [36, Theorem 2.8]. These results have been generalized to the following form.

Theorem 3.12 ([62, Theorem 4.1(1)]). If n is a natural number, X1, . . . , Xn are p-unbounded towers, then the
product

(X1 ∪ Fin)× · · · × (Xn ∪ Fin)

has the property γ.

Theorem 3.13 ([62, Theorem 4.1(2)]). If X is a p-unbounded tower and each subset of P(N) of cardinality
smaller than p is productively γ, in the class of sets of reals, then the set X ∪ Fin is productively γ, in the class
of sets of reals.

Main achievements

• If n is a natural number, X1, . . . , Xn are b-unbounded towers and Y is a set with the property
S1(ΓBor,ΓBor), then the product

(X1 ∪ Fin)× · · · × (Xn ∪ Fin)× Y
has the property S1(Γ,Γ).
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• If n is a natural number, X1, . . . , Xn are p-unbounded towers, then the product

(X1 ∪ Fin)× · · · × (Xn ∪ Fin)

has the property γ.
• If X is a p-unbounded tower and each subset of P(N) of cardinality smaller than p is productively γ, in

the class of sets of reals, then the set X ∪ Fin is productively γ, in the class of sets of reals.

3.8. Zero-additive sets [60]. The space P(N) with the symmetric difference operation ⊕ is a topological group.
Consider in P(N) the productive Lebesgue measure. A set X ⊆ P(N) is zero-additive, if for each measure zero set
N ⊆ P(N), the set X⊕N := {x⊕y : x ∈ X, y ∈ N } is null. Galvin and Miller, assuming that the Martin Axiom
holds, proved that there is a subset of P(N) of cardinality p with the property γ and each continuous image of
that set into P(N) is zero-additive [22, Theorem 7]. Bartoszyński and Recław [6], under p = c, constructed a
subset of P(N) of cardinality p with the property γ, which is not zero-additive. Ideas from the previous subsection
were combined with a characterization of zero-additive sets given by Shelah [54] and results of Zindulka [74] in
order to weaken the assumptions in the above mentioned results. The proof method used here is different than
in previous results.

Let non(Nadd) be the minimal cardinality of a subsets of P(N), which is not zero-additive.

Main achievements

• If p = non(Nadd) = c, then there is a subset of P(N) cardinality p with the property γ, whose all
continuous images into P(N) are zero-additive, and it contains a homeomorphic copy a non zero-additive
set.

• If p = b = non(N ), then there is a subset of P(N) of cardinality p with the property γ, which is not
zero-additive.

3.9. Theorems about colorings [55]. A coloring of a nonempty setX is a function χ : X → {1, . . . , k}, for some
natural number k. For a coloring χ of a nonempty set X, a set A ⊆ X is χ-monochromatic, if there is a natural
number i with χ[A] = {i} (if the coloring χ is clear from the context, then the set A is just monochromatic). By
the celebrated Hindman Finite Sums Theorem [25], for each coloring of N, there is an infinite set A ⊆ N, such
that all finite sums of pairwise different elements from A have the same color. There are also generalizations
of this Theorem to higher dimensions. By [N]2 we denote the set of all two-element subsets of N, equivalently,
the edge set of the complete graph with vertices in N. Let Fin(N) be the set of all nonempty finite subsets of
N. Let + be the usual addition in N and take a sequence a1, a2, . . . ∈ N. For a set G = {i1, . . . , in} ∈ Fin(N),
where n is a natural number and i1 < · · · < in, define aG := ai1 + · · · + ain For sets G,H ∈ Fin(N), we write
G < H, if maxG < minF . The sequence a1, a2, . . . is proper, if for every sets G,H ∈ Fin(N) with G < H, we
have aH 6= aG. A sumgraph of the proper sequence a1, a2, . . . ∈ N is the set{

{aG, aH} : G,H ∈ Fin(N), G < H
}
.

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 . . .

a2 + a4 = aG

{2, 4} = G < H = {6, 8, 9}

aH = a6 + a8 + a10

aF = a7 + a9

The scheme of the sumgraph of a proper sequence a1, a2, . . .

The Milliken–Taylor Theorem [37, 63] is a generalization of the Hindman Theorem: for each coloring of [N]2,
there is a proper sequence in N with a monochromatic sumgraph.
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In proofs of results in a similar spirit we use the Čech–Stone compactification βN of a space N with the discrete
topology, i.e., the set of all ultrafilters on N with a topology generated by the sets { p ∈ βN : A ∈ p }, where
A ⊆ N. The usual addition + on N can be extended to an operation on βN, also denoted by +, such that for
each q ∈ βN the map p 7→ p+ q is continuous. The set N with the operation + is a semigroup, i.e., the operation
is associative. Also βN with the extended operation + is a semigroup. By the Ellis–Numakura Lemma [20, 38],
each nonempty compact subsemigroup of βN contains an idempotent, i.e., there is in this semigroup an ultrafilter
e with e+ e = e. Proofs of the mentioned in this subsection results are based on the existence of an idempotent
in βN.

An ultrafilter p ∈ βN is large for a nonempty family R ⊆ Fin(N), if for each set A ∈ p, there is a set R ∈ R
with R ⊆ A. An ultrafilter p ∈ βN is large for a sequence R1,R2, . . . ⊆ Fin(N) of nonempty families, if it
is large for each family from the sequence. E.g., in βN there is an idempotent large for the sequence R1,R2,
. . . ⊆ Fin(N) of families of increasing arithmetic progressions (we identify a sequence with its image) of length
1, 2, . . . , respectively [19, Lemma 2]. A partite graph of a sequence F1, F2, . . . ∈ Fin(N) of pairwise disjoint sets
is the set {

{a, b} : a ∈ Fi, b ∈ Fj , i 6= j, i, j ∈ N
}
.

Let F1, F2, . . . ∈ Fin(N) be a sequence of sets such that all sequences in the product F1 ×F2 × · · · are proper. A
partite sumgraph of the sequence F1, F2, . . . ∈ Fin(N) is the set{

{aG, aH} : a1, a2, . . . ∈ F1 × F2 × · · · , G,H ∈ Fin(N), G < H

}

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10

. . .

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10

y

x

x+ y 6=
a2 + a4 = aG

{2, 4} = G < H = {6, 8, 9}

aH = a6 + a8 + a9

a1

a5

The scheme of the partite sumgraph of a sequence F1, F2, . . .

The following Theorem due to Bergelson and Hindman [11] shows that a structure of monochromatic sets for
colorings of [N]2 can be very rich. For each coloring of [N]2, there are increasing arithmetic progressions R1, R2,
. . . ∈ Fin(N) of length 1, 2 . . . , respectively, such that all sequences in the product R1 ×R2 × · · · are proper and
the partite sumgraph of the sequence R1, R2, . . . is monochromatic.

The above definitions and the Ellis–Numakura Lemma can be extended by replacing the set N by an infinite
set S with an associative operation + on S and treating S as a space with the discrete topology. We will go back
to this approach for a moment.

Some combinatorial covering properties have characterizations engaging colorings. For example, this is the
case for the Menger property. A cover of a space is a λ-cover if it is infinite and each element from the space
belongs to infinitely many sets from the cover. Let X be a separable metrizable space with a topology τ . The
space X is Menger if and only if for every coloring of [τ ]2 and open ω-cover U of X, there are pairwise disjoint
sets F1,F2, . . . ∈ Fin(U), such that the family

⋃
n∈ω Fn is a λ-cover of X and the partite graph of the sequence

F1,F2, . . . is monochromatic ([48, Theorem 10], [28, Theorem 6.2]). Tsaban was the first who proved a result
about colorings of a semigroup being a topology of a space with the semigroup operation ∪ [65, Theorem 4.6].
Let X be a Menger space with a topology τ . Then for every infinite open cover U of X and coloring of [τ ]2,
there are pairwise disjoint sets F1,F2, . . . ⊆ U , such that the family

⋃
n∈N Fn is a λ-cover of X, the sequence⋃

F1,
⋃
F2, . . . is proper and the sumgraph of the sequence

⋃
F1,

⋃
F2, . . . is monochromatic. Note that the
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Milliken–Taylor Theorem follows from the Tsaban Theorem [65, Example 4.7]. One of the key tools, used by
Tsaban, are topological games.

For nonempty families of sets A and B, define a game Gfin(A,B) with two players Alice and Bob2. In the first
round Alice plays a set A1 ∈ A and Bob replies with a finite set F1 ⊆ A1. In the second round Alice plays a set
A2 ∈ A and Bob replies with a finite set F2 ⊆ A2, etc. During a single play, the following sequence is created

(A1, F1, A2, F2, . . . ),

where An ∈ A and Fn is a finite subset of An for all natural numbers n. Bob wins the game, if the union
⋃
n∈N Fn

belongs to the family B and Alice wins, otherwise. If Alice has no winning strategy in the game Gfin(A,B), then
the statement Sfin(A,B) holds. Sometimes also the inverse implication holds. Hurewicz showed that a space X is
Menger Sfin(O,O) if and only if Alice has no winning strategy in the game Gfin(O,O) played on X [26]. A similar
situation appears also for another combinatorial covering properties and games which are associated with these
properties. Note that Bob has a winning strategy in the game Gfin([N]∞, [N]∞), which is a crucial observation
for deducing from the below Theorem results about colorings related to natural numbers.

For an infinite set S, let [S]∞ be the family of all infinite subsets of S.

Theorem 3.14 ([55, Theorem 2.2]). Let S be a semigroup. Assume that a family A ⊆ [S]∞ contains an
idempotent large for a sequence R1,R2, . . . ⊆ Fin(S) and B ⊆ [S]∞ is a family such that Alice has no winning
strategy in the game Gfin(A,B). Then for each coloring of [S]2, there are finite families F1 ⊆ R1,F2 ⊆ R2, . . .
and sets F1 ⊆

⋃
F1, F2 ⊆

⋃
F2, . . . with the following properties.

(1) The set
⋃
n∈N Fn is in B.

(2) All sequences in the product
⋃
F1 ×

⋃
F2 × · · · are proper.

(3) The partite sumgraph of the sequence
⋃
F1,

⋃
F2, . . . is monochromatic.

Theorem 3.14 has many applications which were presented in the work about this topic [55]. We provide here
two examples among these applications. The first one is the above Theorem due to Bergelson and Hindman [11],
which follows from Theorem 3.14. In order to see this, assume that our semigroup S is the set N with the
usual addition +, A = B = [N]∞ and R1,R2, . . . ⊆ Fin(N) is a sequence of families of all increasing arithmetic
progressions of length 1, 2, . . . , respectively and fix a coloring of [N]2. The family [N]∞ contains an idempotent
large for the sequence R1,R2, . . . [19, Lemma 2]. Since Bob has a winning strategy in the game Gfin([N]∞, [N]∞),
the assumptions of Theorem 3.14 are satisfied. Then the sets

⋃
F1,

⋃
F2, . . . from the claim of Theorem 3.14

contain arithmetic progressions R1, R2, . . . of length 1, 2, . . . , respectively. In particular, the partite sumgraph of
the sequence R1, R2, . . . is monochromatic.

Another consequences of Theorem 3.14 is an implication in the above result which characterizes the Menger
property using colorings. Let X be a separable metrizable Menger space and U be an open ω-cover of X. We
may assume that the cover U is countable and thus enumerate its elements U = {Un : n ∈ N }. Let a semigroup
S be the set U with the operation (Ui, Uj) 7→ Umax{i,j}, where i, j ∈ N. Let A := { V ∈ Ω : V ⊆ U } and B be
a family of all open λ-covers of X. For each natural number n, define Rn := {{Un}, {Un+1}, . . . }. Then the
family A contains an idempotent large for the sequence R1,R2, . . . [55, Example 3.11(3)]. Let Λ be the family
of all open λ-covers of a given space. The Menger property Sfin(O,O) is equivalent to Sfin(Ω,Λ), and thus Alice
has no winning strategy in the game Gfin(Ω,Λ) played on X [49, Theorem 5]. Then the sets F1, F2, . . . ⊆ U from
the claim of Theorem 3.14 are finite and pairwise disjoint and the partite sumgraph of the sequence F1, F2, . . .
is equal to the partite graph of this sequence (what follows from the definition of a semigroup operation).

Theorems proved in different papers by Scheepers and his collaborators have the following structure. Let A and
B be nonempty families of sets. Then the property Sfin(A,B) (S1(A,B)) is equivalent to the following assertion:
for every coloring of [

⋃
A]2 and set A ∈ A, there are pairwise disjoint finite sets F1, F2, . . . ⊆ A (an infinite set

F ⊆ A), such that the partite graph of the sequence F1, F2, . . . (the graph [F ]2) is monochromatic. This is the case
for covering properties: Sfin(Ω,Λ) (which is equivalent to the Menger property), Sfin(Ω,Ω), S1(Ω,Γ), S1(Ω,Ω),
S1(Ω,Λ) (which is equivalent to the Rothberger property) and local properties of Cp(X), where X is a separable
metrizable space: countable fan tightness Sfin(Ω0,Ω0), countable strong fan tightness S1(Ω0,Ω0) and the strongly
Frechet–Urysohn property S1(Ω0,Γ0) (where Γ0 := {A ⊆ Cp(X) :

(
∃ f1, f2, . . . ∈ A

)(
limn→∞ fn = 0

)
}). In

each of these results, one of the implications follows from Theorem 3.14 (or from its modification for the game

2In a similar manner we define a game G1(A,B) which is a modification of the game Gfin(A,B), where the sets chosen by Bob
are singletons.
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G1(A,B) [55, Theorem 2.2]). In the paper [55] also uniform proofs of the inverse implications in these results,
have been provided.

Main achievements

• Theorems concerning colorings of edge sets of complete graphs with vertices in infinite semigroups.
Obtained results are common generalizations for theorems proved in different fields:
– for natural numbers due to Milliken–Taylor, Deuber–Hindman and Bergelson–Hindman,
– for combinatorial covering properties due to Scheepers and Tsaban,
– for local properties of function spaces due to Scheepers.
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